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It is known that the low-energy physics of the Josephson effect in the presence of Majorana zero
modes exhibits a 4pi periodicity as the Aharonov-Bohm flux varies in contrast to the 2pi Joseph-
son periodicity in usual superconducting junctions. We study this fractional Josephson effect in
1D topological superconductors in Majorana nanowire systems by focusing on the features of the
phase-energy relations in a superconducting semiconductor nanowire with spin-orbital coupling by
including different factors operational in experimental systems, such as short wire length, suppres-
sion of superconducting gap, and the presence of an Andreev bound state. We show that even in
the absence of the Majorana zero modes, some non-topological physical effects can manifest a 4pi
periodicity of the phase-energy relation in the Josephson junction, thus providing an alternative
physics for fractional Josephson effect with no underlying Majorana zero modes. Furthermore, we
consider several scenarios of inhomogeneous chemical potential distributions in the superconducting
nanowire leading to four Majorana bound states and construct the effective four Majorana model to
correctly describe the low-energy theory of the Josephson effect. In this setup, multiple Majorana
zero modes can also have the 4pi fractional Josephson effect, although the underlying physics arises
from Andreev bound states since two close by Majorana bound states effectively form Andreev
bound states. Our work demonstrates that the mere observation of a fractional Josephson effect
simulating 4pi periodicity might not, by itself, be taken as the definitive evidence for topological
superconductivity. This finding has important implications for the ongoing search for non-Abelian
Majorana zero modes and efforts for developing topological qubits.
I. INTRODUCTION
Topological phases of matter1–3 possess robust bound-
ary states protected by topology against weak perturba-
tions in bulk gapped systems and have attracted great
attention in the condensed matter community. In partic-
ular, in a topological superconductor (TSC) novel Ma-
jorana zero modes4–12 (MZMs), which are their own an-
tiparticles, have arisen from the encouraging experimen-
tal progress6–12 during the past six years. One of the
particularly promising platforms13,14 to host and probe
MZMs is a superconducting proximitized semiconduc-
tor nanowire with spin orbital coupling and adjustable
Zeeman splitting15–17. It is theoretically well-established
that the combination of the spin orbital coupling and the
Zeeman spin splitting converts an ordinary s-wave super-
conductor (SC) into an effective spinless p-wave TSC pro-
vided the Zeemn splitting is large enough (with the SC
gap, protecting at the MZMs localized at the two ends of
the nanowire and being proportional to the spin orbital
coupling strength). The recent observation of the 2e2/h
quantized conductance peak18,19 at zero bias voltage in
this nanowire setup is a significant breakthrough provid-
ing support for the existence of MZMs. But, the zero
bias tunnel conductance peak is only a necessary condi-
tion for MZMs, and cannot decisively establish their ex-
istence. In addition to the zero bias conductance peak, a
TSC with MZMs should also manifest the so-called frac-
tional Josephson effect, where the Josephson periodicity
is 4pi rather than 2pi4,16,20. The current work takes a
deeper look at the fractional Josephson effect physics of
MZM-carrying TSC, and shows that the 4pi fractional
Josephson effect is also merely a necessary, but not a
sufficient, condition for establishing the MZM existence,
and as such experimental claims for the manifestation of
any fractional Josephson effect must also be treated with
caution in this context.
Controlling MZMs to build fault-tolerant quantum
gates is one of the leading directions to achieve quantum
computation21. However, it has been established22,23
that although braiding MZMs offers the topological
protection of the Majorana qubits, without additional
non-topological gates this MZM braiding scheme can-
not achieve universal quantum computation. Hence, for
quantum computation, the topological protection has to
be sacrificed to some extent by tuning the couplings of
MZMs in order to manipulate the Majorana qubits and to
make dense gate operations computationally. It has been
proposed that adjusting the magnetic flux in the Joseph-
son junction hosting MZMs can experimentally achieve
the tuning of the MZM couplings24–27 in these gate op-
erations, and the Majorana Josephson junction is rec-
ognized as one of the basic building blocks to construct
quantum gates. Therefore, understanding the physics of
the Majorana Josephson junction is an important task
toward quantum computation.
It was predicted by Kitaev4 that the Majorana Joseph-
son effect with a 4pi periodicity as a function of the
magnetic flux (Φ) should emerge in an idealized model
of a spinless p-wave topological superconductor carrying
MZMs. Since the direct experimental realization of a
spinless p-wave superconductor is challenging, alterna-
tive setups for the Majorana Josephson junctions have
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2been theoretically proposed20,28–32 and experimentally
studied7,33–36 in the literature. Although in these ex-
periments the 4pi periodicity was observed, other non-
topological factors, such as the suppression of the super-
conducting gap, can also manifest an effective 4pi peri-
odicity in the absence of MZMs37–39; therefore, the ob-
servation of the 4pi periodicity might be not decisive to
conclude the existence of the topological superconduc-
tors hosting MZMs. In fact, the experimental situation
is confusing here with the claimed observations of the 4pi
Josephson effect not reproduced typically and not fitting
well generally with theoretical expectations.
In this manuscript, we theoretically examine non-
trivial and trivial TSC Josephson junctions mediated by
a superconducting proximitized semiconductor nanowire
with and without MZMs in-depth. A detailed theoret-
ical analysis of the TSC Josephson junctions associated
with semiconductor nanowires is timely given the great
current interest in this system as a platform for quan-
tum computation and in the context of the recent ob-
servation of the MZM conductance quantization in the
nanowires33. As shown in Fig. 1 the Josephson junc-
tion setup considered in our work, the wire-junction sys-
tem encloses a magnetic flux as usual, leading to the
Aharonov-Bohm phase. The two ends of the supercon-
ducting nanowire with different Aharonov-Bohm phases
weakly couple as a Josephson junction due to the coher-
ent tunneling of electrons. The difference between the
Aharonov-Bohm phases in the wire ends, which stems
from the magnetic flux (Φ), leads to an oscillation of the
quasiparticle and quasihole energy spectrum. The hy-
bridized MZMs in the wire ends lead to the low energy
phase-dependent spectrum E ∝ cos(Φ/2), exhibiting a
4pi periodicity4,20. In reality, the experimental setup of
the trivial and non-trivial TSCs might possess unavoid-
able physical effects affecting the periodicity in Φ, such as
short wire length, superconductor gap suppression, the
presence of an Andreev bound state (ABS), and inho-
mogeneous potential distribution. By separately includ-
ing various physical mechanisms related to the 2pi and
4pi periodicities, we obtain theoretically the phase-energy
(Φ−E) relations to understand the physics of the Joseph-
son effect with and without MZMs. Moreover, to circum-
vent non-essential complexity, we consider Landau-Zener
tunneling40,41 to be absent by assuming that the system
always adiabatically evolves at zero temperature with the
conservation of fermion parity as the magnetic flux varies.
The remainder of this paper is organized as follows. In
sec. II, we derive the low energy physics in the continuum
model of the Josephson effect hosting two MZMs sepa-
rately at the wire ends of the topological superconductor.
We show that tunneling through the junction leads to 4pi
periodicity, and that the finite size effect of the short wire
length manifests Φ-independent energy splitting of these
MZMs. Sec. III provides the Josephson junction lattice
model of the superconducting semiconductor nanowire
with realistic physical parameters. In sec. IV, by us-
ing the lattice model, we calculate the Φ − E relation
of superconducting semiconductor Josephson junctions
in separate situations with distinct physical constraints:
short wire length, superconducting gap suppression, and
the presence of an ABS induced in a quantum dot. In
sec. VI, we consider the realistic experimental setup33
with a long conventional superconductor in the middle
of wire and the topological superconductors are on the
two sides of the trivial superconductor. We examine if
the trivial cases leading to the 4pi periodicity can be ex-
cluded by this setup of the long trivial superconductor.
Sec. V is devoted to the Φ−E relation in the presence of
inhomogeneous potentials, which produce two separate
topological regions in the wire hosting multiple MZMs.
Finally, in Sec. VII we summarize the various factors af-
fecting the periodicity of the Josephson junction. We
note that we have considered some of the more impor-
tant physical mechanisms affecting the Josephson junc-
tion MZM physics in nanowires, and the there may vary
well be other factors, not considered in our work, which
could affect the TSC Josephson effect in nanowires.
II. CONTINUUM MODEL FOR FRACTIONAL
JOSEPHSON EFFECT
Before considering specific models of Josephson junc-
tions mediated by the superconducting-proximitized
nanowire, we first use the continuum theory of a TSC to
show that the Φ− E relationship is simply proportional
to cos(Φ/2) leading to a 4pi periodicity. This relation
stems from the hybridized MZMs in the TSC near the
two wire ends. Furthermore, since the nanowire form-
ing the junction is invariably of finite length leading to
MZM wavefunction overlap from the two ends, the hy-
bridization of the MZMs in the wire manifests energy
splitting42,43. We show that this MZM overlap energy
splitting is Φ-independent. Our derivation scheme is in
the following. First, by considering the superconduct-
ing nanowire in the open boundary condition, we find
the MZM wavefunctions at the nanowire ends as domain
walls. Then in the presence of the magnetic flux Φ we
turn on the weak coupling between the two nanowire ends
as a first order perturbation. This perturbation energy
as the effective lowest energy is the key for the Majorana
Josephson junction. We further show that a MZM in
one wire end is not an exact eigenstate at the other end
so that the two Majorana end modes hybridize strongly
through the wire. We use the fundamental unit of mag-
netic flux, φ0 = h/2e, as the unit of flux so that the flux Φ
is the same as the phase difference between the two wire
ends in our notation, and a phase function cos Φ(cos Φ/2)
automatically implies 2pi(4pi) periodicity in the Joseph-
son effect.
We start with the Bogoliubov-de-Gennes (BdG)
Hamiltonian of the 1D superconducting semiconductor
3nanowire in momentum space15–17
HBdG(k) =
[
2t(1− cos k)− µ]τzσ0 + ∆0τyσy
+ Vzτzσz + 2α sin kτzσy, (1)
where Pauli matrices τα and σβ represent the usual
particle-hole and spin-1/2 degrees of freedom respec-
tively, the superconducting order parameter ∆0 is a pos-
itive constant, t is the strength of the nearest neighbor
hopping, µ chemical potential, Vz Zeeman splitting en-
ergy, α spin-orbit coupling; we further choose the lattice
constant a ≡ 1. For large Zeeman splitting Vz, the super-
conducting nanowire is in the topological phase hosting
MZMs at the wire ends. We are interested in the low
energy theory near the Fermi level as µ ≈ 2t(1 − cos k).
The BdG Hamiltonian can be further simplified in the
continuum approximation
HBdG(k) ≈ 2αkτzσy + ∆0τyσy + Vzτzσz. (2)
Since our focus is on the Majorana bound states near the
nanowire boundaries (x = 0, L, where L is the nanowire
length), for 0 ≤ x ≤ L the phase of the superconduct-
ing order parameter Φx = Φx/L is position-dependent,
where Φ indicates the magnetic flux through the wire.
That is, Φx = 0 for x = 0 and Φx = Φ for x = L. With
this additional flux-induced phase, the order parameter
is changed to ∆0c
†
x↑c
†
x↓ → ∆0eiΦxc†x↑c†x↓ and the momen-
tum for particles and holes have different transformations
k → k− eA, k+ eA respectively, where the magnetic po-
tential A = Φ/2eL for 0 ≤ x ≤ L. The low energy
Hamiltonian with the magnetic flux Φ can be written as
HBdG(x) =2α(τzσy
∂
i∂x
− eAτ0σy) + ∆0 cos Φxτyσy
+ ∆0 sin Φxτxσy + Vzτzσz, (3)
where we assume ~ ≡ 1. The two wire ends are located at
x = 0, L as domain walls (the wire boundary is equiva-
lent to a domain wall), which follow Vz is a constant (Vz0)
and Vz − ∆0 > 0 for 0 < x < L and Vz = 0 elsewhere.
That is, we introduce the trivial region (x < 0 and x > L)
sandwiching the topological region (0 ≤ x ≤ L). The two
important parameters are given by A = 0, Φx = 0 for
x < 0 and A = 0,Φx = Φ for x > L. By solving the
eigenvalue problem at zero energy, we have a normaliz-
able Majorana wavefunction with zero energy localized
near x = 0
|φ0(x)〉 = e−
Vz−∆0
2α x

ieiΦx/2
−ieiΦx/2
−ie−iΦx/2
ie−iΦx/2
 . (4)
In addition, another normalizable Majorana wavefunc-
tion with zero energy localized near x = L is written
as
|φL(x)〉 = e
Vz−∆0
2α (x−L)

eiΦx/2
eiΦx/2
e−iΦx/2
e−iΦx/2
 . (5)
We turn on the coupling between the two ends as the
extension of spin orbital coupling
∆hˆ = iδ(C†0τzσyCL − C†LτzσyC0). (6)
This coupling is weak enough to be a first order pertur-
bation so that the low energy effective Hamiltonian can
be written as the coupling sandwiched by the two MZMs
∆H =
(〈φ0|∆hˆ|φ0〉 〈φ0|∆hˆ|φL〉
〈φL|∆hˆ|φ0〉 〈φL|∆hˆ|φL〉
)
∝4δ cos(Φ/2)
(
0 −i
i 0
)
(7)
The energy spectrum ∆E ∝ ± cos(Φ/2) seems to have a
2pi periodicity. However, as the magnetic flux Φ varies
from 0 to 4pi, by following the adiabatic evolution of a hy-
bridized Majorana state with fixed parity (say cos(Φ/2))
the system exhibits a 4pi periodicity, which is the key idea
of this manuscript.
If the wire is too short, the hybridization of the Ma-
jorana bound states leads to large Φ-independent energy
splitting. To show this splitting, we start with the wave-
function |φL〉, which is the exact solution of HBdG(x) for
x > 0. The tail of |φL〉 at x < 0 cannot be a part of
the eigenstate of HBdG(x), since the rapid change of the
Zeeman splitting is located at x = 0 as a domain wall.
This non-vanishing part for x < 0 is given by
HBdG|φL(x)〉 = −Vz0τzσz|φL(x)〉. (8)
This leads to the effective coupling between the two
MZMs in the wire
〈φ0|HBdG|φL〉 =
∫
dx〈φ0(x)|HBdG|φL(x)〉 (9)
= 4iVze
−Vz−∆02α L
∫ 0
−∞
e
Vz
2αxdx. (10)
The Majorana hybridization is given by
∆H ′ =
(〈φ0|HBdG|φ0〉 〈φ0|HBdG|φL〉
〈φL|HBdG|φ0〉 〈φL|HBdG|φL〉
)
∝− 8αe−Vz−∆02α L
(
0 −i
i 0
)
. (11)
Hence, this energy splitting is Φ-independent due to the
finite size effect. Including the Majorana hybridization
through the junction, the total energy splitting is written
as
∆E± = ±d cos(Φ/2)±D. (12)
Hence, the Φ−E relation exhibits a 4pi periodicity inde-
pendent of MZM overlap. This low energy theory can be
further written in the Majorana basis
H2M = i(d cos(Φ/2) +D)γlγr, (13)
where γl, γr are Majorana operators at the two wire
ends. We will show that in sec. IV the energy splitting
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FIG. 1. The schematic of the Josephson junction considered
in the theory. The green region represents the superconduct-
ing nanowire (1 ≤ j ≤ L), while the purple color represents a
thin junction so that the effective low energy physics can be
described by a weak coupling between the two wire ends. The
magnetic flux Φ through the middle of the ring leads to the
phase difference between the two ends of the superconducting
nanowire. We study the Φ− E relation in this system incor-
porating various physical effects in the presence or absence of
MZMs.
(13) is the key simply describing the phase-energy rela-
tion in most cases of the fractional Josephson junction.
We note that the Josephson periodicity here is 4pi even
when the two MZMs overlap strongly in a short nanowire
leading to large Φ-independent energy splitting (D), but
such a short wire is unsuitable for topological gate oper-
ations since such overlapping MZMs are not non-Abelian
objects.
III. SIMULATION SETUP
The simulation setup to study the phase-energy rela-
tion of the Josephson junction is based on the nanowire
model described by the approximate experimental pa-
rameters. We start with the lattice Hamiltonian (ob-
tained by discretizing Eq. 1) in the ring geometry as
shown in Fig. 1
HˆBdG =
∑
1≤j≤L
{
C†j
[
(2t− µ)τzσ0 + ∆0τyσy + Vzτzσz
]
Cj ,
+
[
C†j+1(−tτzτ0 + iατzσy)Cj + wC†Lτzσ0C1 + h.c.
]}
,
(14)
where the Nambu spinor is given by Cj =
(c↑j , c↓j , c
†
↑j , c
†
↓j)
T . For the Josephson junction, the wire
ends are commonly separated by a thin insulator or
metal. To simplify the problem, we assume these ends
directly couple through the weak tunneling with strength
w. For w = 0, the nanowire in the open boundary condi-
tion may host MZMs at the two ends if the system param-
eters are in the appropriate topological regime (i.e. Vz
large enough compared with µ and ∆). The non-zero tun-
nel coupling w hybridizes these two Majorana end modes
through the junction lifting their energies away from zero
because of Majorana splitting. To appropriately describe
the current experimental setup, the values of the physical
parameters44 (unless specified otherwise) are taken to be
lattice constant a = 10nm, hopping strength t = 25meV,
spin-orbital coupling α = 2.5meV, superconducting gap
∆ = 0.9meV, chemical potential µ = 4meV, tunneling of
the two wire ends w = 0.1meV. By comparing with the
low-energy effective Hamiltonian,
HlowE(x) = − ~
2
2m∗
∂2xτzσ0 + iαl∂x + ∆0τyσy + Vzτzσz,
(15)
the values of the corresponding parameters are written
as the spin-orbital coupling αl = 0.5eV·A˚ and the effec-
tive mass meff = 0.016me, where me is the electron rest
mass. Although we use these parameters for our numer-
ical simulations, obviously the qualitative features of our
results do not depend on any specific parameter choice.
Now we introduce the magnetic flux Φ in the unit
of flux quantum h/2e going through the middle of the
nanowire as shown in Fig. 1. The non-superconducting
junction keeps the phase difference between the two ends
being Φ and then the superconducting order parameter
has an additional position-dependent phase
∆0C
†
j τyσyCj → ∆0C†j
[
cos(2jφ)τyσy + sin(2jφ)τxσy
]
Cj ,
(16)
where φ = Φ/2L indicates the phase difference be-
tween the two nearest neighbor sites. Furthermore, the
nanowire Hamilton is modified by the Peierls substitution
in the presence of the applied flux.
C†j+1(−tτzσ0 + iατzσy)Cj
→ C†j+1
[
(τz + τ0)e
−iφ + (τz − τ0)eiφ
]−tσ0 + iασy
2
Cj ,
(17)
With this construction, we numerically solve the eigen-
values of the lattice Hamiltonian in the presence of the
applied flux to obtain the energy spectrum and the Φ−E
relation for the nanowire Josephson junction.
IV. ENERGY SPECTRUM AND Φ− E
RELATION
We start with the Josephson junction of the original su-
perconducting semiconductor nanowire lattice model and
plot the E−Φ relation to show the Majorana Josephson
effect exhibiting a 4pi periodicity in Φ. The conditions
of lattice model are further extended to include short
length wire, superconducting gap suppression, and the
presence of an Andreev bound state to discuss the other
mechanisms leading to a 4pi periodicity in the absence
of MZMs. Below we present these results sequentially
including each physical mechanism individually.
A. Long superconducting semiconductor nanowire
We consider the length of the nanowire to be long
enough (L = 400 lattice units (4µm)) so that the Majo-
rana hybridization orginating from the finite size effect is
5strongly suppressed. In the absence of Zeeman splitting
(Vz = 0), the nanowire in the trivial region does not pos-
sess MZMs at the two ends. As the Zeeman splitting in-
creases, the system passes through the topological quan-
tum phase transition (TQPT). For this specific model,
the TQPT point is located at Vz ≈
√
∆2 + µ22 = 4.1meV.
After the TQPT, the MZMs with zero energy on the wire
ends appear as shown in Fig. 2(a). The presence of these
boundary MZMs indicates that the system is now a TSC
with the bulk gap protecting the zero-energy (i.e. mid-
gap) MZMs.
As the magnetic flux Φ goes through the middle of the
ring, the two wire ends with the additional phases weakly
couple. The energy deviation of the lowest positive en-
ergy (see the definition in the caption of Fig. 2) as a
function of Vz and Φ shows clear 2pi-periodicities in both
the trivial and topological regions and has changes at the
TQPT point as shown in Fig. 2(b). In the trivial region,
the lowest energy level never reaches zero as the mag-
netic flux varies from 0 to 4pi or touch the second energy
level (Fig. 2(d)). In this regard, the BCS ground state
adiabatically evolves back to the original state after 2pi.
However, in the topological region, at Φ = pi, 3pi the Ma-
jorana modes at the two ends completely decouple with
the exact zero energy. Hence, after the lowest positive en-
ergy quasiparticle, which starts at Φ = 0, passes through
zero energy at Φ = pi as shown in Fig. 2(e), it possesses
negative energy at Φ = 2pi and then evolves back to the
original quasiparticle at Φ = 4pi. Furthermore, the en-
ergy dispersion can be described by ∆E± = ±d cos(Φ/2)
in Eq. 12 with D = 0 due to the suppression of the finite
size effect in the long wire.
Thus, in the topological region the BCS ground state
with fixed fermion parity has a 4pi periodicity. We fur-
ther Fourier analyze the lowest energy with the fixed par-
ity as shown in Fig. 2(c). In the trivial regime, the 2pi-
periodicity dominates with a small mixing of the 4pi oscil-
lation, whereas only 4pi periodicity appears in the topo-
logical region. The 2pi and 4pi periodicities can clearly
distinguish the trivial and topological regions in this per-
fect scenario of a long nanowire, as is already known. We
show these results for our specific situations so that our
findings below including realistic physical effects not in-
cluded in the idealized model can be distinguished from
this perfect scenario.
B. Short wires
We consider the experimental setup away from the
perfect scenario above. For a short wire, the Majorana
modes at the wire ends can easily hybridize away from
zero energy due to the wavefunction overlap through
the wire. In the topological region, the hybridiza-
tion energy oscillates as the Zeeman splitting (Vz) is
increased42,43,45,46. As shown in Fig. 3(a), the wire spec-
trum in the open boundary condition shows the oscil-
lation amplitude gradually is increased as Vz increasing
(a) (b)
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FIG. 2. (a) the energy spectrum of the lattice Hamiltonian in
the open boundary condition showing that beyond the TQPT
point (Vz =
√
µ2 + ∆20 = 4.1meV), two MZMs appear on
the two wire ends separately. (b) The energy deviation as a
function of Vz and Φ is defined by ∆E(Φ) ≡ E1(Φ)−〈E1(Φ)〉,
where E1 is the lowest positive energy and 〈E1(Φ)〉 is the
average of E1 from Φ = 0 to 4pi. The patterns sharply change
at the TQPT point. The dark blue lines at Φ = pi, 3pi in
the topological region indicate the energy level crossings at
zero energy. These crossings lead to the 4pi periodicity in Φ.
(c) the angle θ = arctan ρ4pi/ρ2pi shows the ratio between 2pi
and 4pi periodicities obtained by the Fourier transformation
of the lowest positive energy E1(Φ), where ρ4pi and ρ2pi are the
strengths of 2pi and 4pi periodicities. The sharp jump at the
TQPT indicates the transition from a 2pi periodicity to a 4pi
periodicity. (d) the Φ−E relation at Vz = 3meV in the trivial
region shows a 2pi periodicity. (e) the Φ− E relation (green)
at Vz = 6meV in the trivial region shows 4pi periodicity and is
consistent with the energy splitting d cos(Φ/2) in the theory
(red, d is obtained by fitting).
beyond the TQPT point. This arises from an effective in-
crease of the superconducting coherence length because
increasing Vz reduces the SC gap energy.
In the entire system with the additional magnetic flux,
the lowest positive energy fluctuation (Fig. 3(b)) and
the corresponding Fourier analysis (Fig. 3(c)) manifest
clear 4pi periodicity in the topological region. In the
trivial region, the 2pi periodicity of the energy oscilla-
tion is seen mixed with the 4pi periodicity. Much of the
trivial regime is in fact dominated by 4pi oscillation. In
fig. 3(d) at Vz = 3.3meV in trivial region, even in the
absence of the MZMs the lowest energy can be faithfully
described by Eq. 12, which is the model based on the
hybridized MZMs. The clear emergence of the 4pi peri-
odicity in the trivial short wire is not surprising, since in
60 2 3 4
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0 1 2 3 4 5 6 7 8
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0
1
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FIG. 3. (a) the energy spectrum for the short wire (L = 100)
shows that the Majorana bound states strongly hybridize with
oscillations in the topological region. (b) the energy devia-
tion as a function of Vz and Φ shows that the 4pi periodicity
in Φ mostly dominates in the trivial and topological regions.
(c) the ratio (tan θ) of the 4pi and 2pi periodicities shows in
the trivial region the mixture of the 2pi and 4pi periodicities
and as Vz > 4.26meV the 2pi periodicity vanishes in the triv-
ial regime. (d) the Φ − E relation (green) at Vz = 3.3meV
in the trivial region can be described by the effective two-
Majorana theory (12) with strong Φ−indepedent Majorana
hybridization. (e) Vz = 6.6meV corresponding to zero en-
ergy leads to the lowest energy proportional to cos(Φ/2). (f)
for Vz = 7.1meV, Majorana end modes strongly hybridize
through the wire so that the lowest energy (±E1) shifts away
from zero with ± cos(Φ/2) oscillation. The red lines in pan-
els (d,e,f) presenting the Majorana effective theory (D, d in
Eq. 12 are chosen by fitting) are consistent with the simula-
tion (green).
the literature47 it has been shown that for a short conven-
tional superconductor a 4pi periodicity may be observed.
Therefore, the observation of the 4pi periodicity is not a
conclusive evidence for topological superconductivity. It
may very well be that one is dealing with a rather short
trivial wire with no MZMs whose length is smaller than
the SC coherence length as shown in Fig. 3.
In the topological region, when the Φ−independent
Majorana hybridization vanishes at few specific Vz val-
ues, the oscillation of the lowest energy as a function
of Φ (Fig. 3(e)) is identical to the corresponding situa-
tion in the long wire limit (Fig. 2(e)). The zero energy
modes appear at Φ = pi, 3pi. On the other hand, due to
the short length of the wire, the Majorana hybridization
significantly affects the energy spectrum. With the hy-
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FIG. 4. (a) the energy spectrum in the presence of the
suppression of the superconducting gap (18) shows the bulk
gap closing at Vz > 4.1meV, which is the TQPT point for
the two previous cases. Due to the weak superconductivity,
after the bulk gap closes, the lowest energy states are not
localized MZMs. (b) the energy deviation shows the 4pi peri-
odicity domination in the trivial and topological regions. (c)
the ratio of the 4pi and 2pi periodicities shows the 4pi peri-
odicity only after the bulk gap closing and the mixture of
2pi and 4pi periodicities before the bulk gap closing. Due to
the small superconductor gap, 4pi periodicity still dominates
in the trivial region. (d,e,f) the Φ − E relations (green) at
Vz = 3.3, 4.4, 7.35meV respectively can be described by the
effective two-Majorana model (red, D, d in Eq.12 are chosen
by fitting).
bridization energy D as a Φ-independent constant, the
lowest energy in the simulation is in agreement with
Eq. 12 as shown in Fig. 3(f). That is, even when the
MZMs are strongly hybridized, the junction still exhibits
a 4pi periodicity in the short wire. Although this finding
seems unexpected, it is related to the coupling of the hy-
bridized MZMs through the junction being proportional
to ± cos(Φ/2).
C. Superconducting gap suppression
Since the presence of the magnetic field might sup-
press the superconducting gap (e.g. orbital effect) in the
nanowire, we consider a model of the superconducting or-
der parameter obeying exponential decay in the Zeeman
splitting (the precise form of the decay function does not
7significantly affect the Φ− E relation.)
∆ = ∆0e
−Vz/λ. (18)
We intentionally choose λ = 2meV so that the super-
conducting gap almost vanishes Vz > 4.1meV, since
Vz = 4.1meV was the TQPT in the previous gapped su-
perconducting systems. The spectrum of the nanowire in
the open boundary condition (Fig. 4(a)) shows that once
that the bulk energy gap closes near the previous TQPT
point (Vz = 4.1meV), the bulk gap does not reopen as
Vz is increased (∆ → 0). Furthermore, the Majorana
bound states, which hybridize, become a quasiparticle or
a quasihole state with energy oscillation. For a small gap,
in both the trivial and topological regions the system can
be treated as an effective normal metal (particularly, at
the finite experimental termperatures). It is not therefore
surprising that as shown in Fig. 4(b,c) the 4pi periodicity
behavior stems from the normal metal37–39. It is worth
by noting Fig. 4(c) showing that the 2pi periodicity com-
pletely vanishes after the TQPT point in this suppressed
gap “topological” regime.
In the trivial region before the bulk gap closing, the
Φ−E relation (Fig. 4(d)) can still be described by Eq. 12.
Similarly, the 4pi oscillation and the constant hybridiza-
tion energy in Eq. 12 capture the Φ − E relation in the
topological regions as shown in Fig. 4(e,f). As the mag-
netic field strongly suppresses the gap converting the sys-
tem to an effective normal metal, the 4pi periodicity of
the junction is expected to occur since this is the ordinary
Aharonov-Bohm oscillation in an ordinary metal.
D. Quantum dot hosting an ABS near the wire end
It is now well-known44,45 that many putative proper-
ties of MZMs in nanowires could be artificially simulated
by accidental ABSs in nanowires which happen to be
close to midgap in energy. This is true for the zero bias
conductance peak44 as well as the apparent MZM oscil-
lations as a function of Vz or L
45. Each trivial ABS may
be thought of as two spatially closely located MZMs in
a varying background of chemical potential (caused, for
example, by disorder or a quantum dot in the system),
and if the experimental probe (e.g. the tunneling lead)
couples strongly to only one of these MZMs, then the sys-
tem response may mimic that of just an isolated MZM.
We now investigate the Josephson effect in our system by
assuming the existence of a quantum dot induced ABS.
It is likely that the presence of the ABS alters the Φ−E
relation in the trivial phase. This motivates us to in-
clude a low energy ABS in the Josephson junction setup
to see the features of the Φ − E relation by adding a
quantum dot in one wire end. As illustrated in Fig. 5(a),
an additional potential well, induced by a quantum dot
(or other extrinsic mechanism), is included in the lattice
Hamiltonian (14)
Hˆwell =
∑
1≤j≤D
C†j cos(3pij/2LD)τzσ0Cj . (19)
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FIG. 5. (a) pictorially illustrates the additional potential dip
at the wire end as the quantum dot leading to an ABS in the
system. In the absence of the superconductivity, the quantum
dot can host a low energy ABS. (b) the energy spectrum (L =
400) with the quantum dot indicates that the low energy ABS
appears for Vz = 1.8 ∼ 2.4meV. (c) the energy deviation ∆E
shows 2pi periodicity in the trivial region although it might
not be clear as Vz moves away from the TQPT point since
the region is all green. (d) the ratio (tan θ) of the 4pi and 2pi
periodicities indicates that the 2pi periodicity still dominates
in the presence of the low energy ABS in the trivial region.
(e) the Φ − E relation at Vz = 2.2meV with the low energy
ABS exhibits a 2pi periodicity.
For the simulation, the length of the quantum dot LD =
30 is used and the superconducting order parameter ∆
is removed in this region (i.e. the dot is assumed to be
normal although this is not expected to be important for
our results). The energy spectrum as a function of Vz
(Fig. 5(b)) shows the zero energy sticking of the ABS at
the quantum dot as Vz varies from 1.8meV to 2.4meV.
Since the TQPT point is located at Vz = 4.1meV, the
low energy ABS is in the trivial regime and does not
coexist with the MZMs. As shown in Fig. 5(c,d), even in
the presence of the ABS, the 2pi periodicity of the Φ−E
relation still dominates in the topologically trivial region.
By comparing with the trivial regime without the ABS
(Fig. 2(c)), a small portion of 4pi periodicity arises in the
presence of the ABS in additional to the dominant 2pi
trivial oscillations. Nevertheless, the TQPT is still the
main transition point between 2pi and 4pi periodicities.
8V. INHOMOGENEOUS POTENTIALS
In the practical experimental setup, the homogeneous
background potential as used so far in our simulations
cannot be perfectly under control so that the inhomoge-
neous potential might lead to several disconnected topo-
logical regions in the nanowire with different adjacent
spatial regimes separating into effective trivial and topo-
logical regimes with multiple nearby MZMs according to
their local chemical potentials and superconducting gap
values. Each topological region can host localized Majo-
rana modes at its two ends, and in principle, depending
on the details of the spatial inhomogeneity, there could
be many MZMs located in the nanowire, not just two
at the two physical boundaries at the wire ends. In the
following, to be specific we consider several inhomoge-
neous potential distributions, that have two disconnected
topological regions hosting four Majorana modes (i.e. two
MZMs in each spatial topological region), and then fur-
ther study the Φ−E relations of the Josephson effect in
the presence of these four MZMs.
A. Step function potential
We first consider the simplest inhomogeneous distribu-
tion of the chemical potential by adding just one constant
potential in the middle region of the wire. For the sim-
ulation model, the constant potential well in the middle
wire
Hˆstep = −
∑
(L−lµ)/2<j≤(L+lµ)/2
C†j∆µ0τzσ0Cj , (20)
is added in the lattice Hamiltonian (14). The reason for
adding the negative potential (positive chemical poten-
tial) is that the two sides of the wire enter to the topo-
logical region earlier (i.e. lower Vz) than the middle as
Vz is increased. We specifically choose the constant po-
tential ∆µ0 = 2meV and its region length lµ = 200 while
the wire length L = 400. As the Zeeman splitting Vz
is increased, the wire regions on the two sides without
the additional potential enter the topological phase after
the first TQPT point Vz1 = 4.1meV. Since the middle
of the wire is trivial, four localized MZMs appear sepa-
rately at the respective wire ends and the potential jump
points as illustrated in Fig. 6(a). Effectively, the single
wire is now divided into three spatial regimes: two topo-
logical regimes with MZMs and one trivial regime with
higher chemical potential in the middle. As Vz keeps in-
creasing, the middle region eventually becomes topolog-
ical at Vz2 =
√
0.92 + (2 + 4)2 = 6.07meV at the second
TQPT point. As the entire wire is now topological for
V > Vz2, the two internal Majorana modes strongly hy-
bridize away from zero energy and at the same time two
MZMs survive on the two wire ends since they are spa-
tially well-separated from each other. The spectrum as a
function of Vz (Fig. 6(b,c)) shows the bulk SC gap clos-
ing at Vz1, Vz2, four Majorana modes with small energy
0 2 3 4
-0.05
0
0.05
0 2 3 4
-0.05
0
0.05
(b) (c)
(d) (e)
(a)
 l  r r l
meV
<latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLn bRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVf okcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K 6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTKZ5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNh MQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8 PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1stGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzH GtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdt kKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4 A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit><latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLn bRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVf okcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K 6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTKZ5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNh MQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8 PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1stGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzH GtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdt kKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4 A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit><latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLn bRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVf okcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K 6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTKZ5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNh MQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8 PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1stGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzH GtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdt kKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4 A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit><latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLn bRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVf okcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K 6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTKZ5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNh MQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8 PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1stGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzH GtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdt kKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4 A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit>
meV
<latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLnbRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB 3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVfokcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTK Z5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNhMQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1s tGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzHGtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdtkKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86 BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit><latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLnbRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB 3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVfokcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTK Z5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNhMQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1s tGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzHGtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdtkKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86 BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit><latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLnbRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB 3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVfokcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTK Z5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNhMQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1s tGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzHGtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdtkKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86 BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit><latexit sha1_base64="CHpGFiPOPCAqSlk349C0MM6dG6o=">AAANCXichVfdbts2FFa7vy7Ntna73I06t0A3pIXlXmwYkKGtgSBF0SCLnbRo6AUkTcmCKYkhqdYuqycYdrs9x+6G3e4p9hZ7hB3SsmtRTirANv193zk85/BQoojgqdLd7r9Xrn7w4Ucff3Lt063r2599/sWNm1+eqKKUlB 3TghfyBcGK8TRnxzrVnL0QkuGMcPacTPuWf/6KSZUW+VDPBRtlOMnTOKVYAzTI2MnZjU73ftddYXsQ1YNOUF+HZzev/4fGBS0zlmvKsVKnUVfokcFSp5SzaguViglMpzhhpzDMccbUyLhYq/AOIOMwLiR8ch06dN3C4EypeUZAmWE9UT5nwU3caanjH0YmzUWpWU4XE8UlD3UR2sTDcSoZ1XwOA0xlCrGGdIIlphrK05hlAnIpWdzIxBCSNYFEYjFJ6ayJMqF0Icbx5WVomMD6EFgOz/0MVHfWAYqFXbOmSpVkIw45AN7EYl5g3YSwlHhu53E5K6ZLYbbuhHC5OKGrpmpXy5LtLFALOGaXcHBRozTVrI3GKd+AlpI3QQiozmAxPS0yAdUgKU/1fDfGXEFLQYQ5ew2GZZbb1TT96jQamZ8MotCFTK Z5gjjTVmR3AkLIZUZgCgUtOkETBSkzA41aVZnpRJVXXKhjnCalZN6iF8U0w3IKqJs/y3A+NujVtDIGkTicgh80ZjHKlfkFcDHBuS4y8121JNhMQNt1ok6v8wBsOM4TzsJOFL6FYnR6of3tPAiRdMTSiu6DlmIe7i+RCeaxQTH0q4kq01vCqtQGaTbTKjaD4+pu79t3ROExEORZVNPTPYOmDGx3jGFVuFehncpLEkrginzqMj2MY33rx9CVbuQpicROuZ6dJ4G5nOStJZfJtrw4Vc86YrEOG8WCUiGZJhO9yRgdQbnsLUFmoXmCbh1VzWTQQZM/8PnJernXgzpn48rcRhNoZh6ix8XstieA1MHWRQYtV7z2HRDGKvudpLlh5/liw3kaJ2EwukhAMrxyIiAPmc5aPpzEOrlAQDBPk5UX+ydv+agl1s tGgWDnlTk8Mwf3ograXWYQsS1lU0VtJLbaUFHzyPdB4zV2rxXly5olxLxsp/C++C8OHmlpe4AUMzOUttk9WzAoYPfbHvWTJnaF7U4isREtQzHGtmbLnY/gb8Kkr+oPjypzOtw5Gu12fapvqf4m6pG1QgbMUNUm+47sbyT7A+t0sNHpwNkNNtpl+2ur09oN2bPK3YOm5plPKeg4+51k+GzW4uYrbt7i3qy4N/50B8vpDlpdJO3GRO5RYuzY57m8nE5WNJ3jVidRsaJFKcXixtwQkJWA8LJN8/fwxaXhaVdMjctWKbUrpWX8QmpXSMv4ZaTDtTUdtkKZrrFPW5s5e+rRzR35ZLVdMxP57HjJjtWCdA+mJF+AhVjsKriLKLtb/bgO1yY+bE3ceAI3GFUzqsUc1cyRyxKOG7Qo7enBKEbzMhszAWdL86 BqcOy8dGflynSbRH1ecLBkjaWYsHdWg3twFsEkpe88bTJYehss1TVgzynrYrTA7WnSDEoBrWnP4VjOw736/OLpNYZ3gQ3yocWbt8iBPci5R/4A2SHmwj7vRxW8I0T+G0F7cNK7H3XvRz/3Og8f128L14Kvg2+Cu0EUfB88DPaDw+A4oEES/Bb8Hvyx/ev2n9t/bf+9kF69Utt8FTSu7X/+B16P514=</latexit>
 µ0
<latexit sha1_base64="ds2wgXk33+1COkPf4HrEuDiCnh8=">AAANEnichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbD0GKokEWO 21R0wtImpIFUxJDUq1dVm8x7HZ7jt0Nu90L7C32CDukZceinFaAbfr7vnN4zuGhRBHBU6W73X8vXX7v/Q8+/OjKx1evbX3y6WfXb3z+VBWlpOyEFryQzwlWjKc5O9Gp5uy5kAxnhLNnZNqz/LOXTKq0yAd6Ltgow0mexinFGiCEfmJc4xBl5Wn39Hqnu9N1V9geRPWgE9TX0emNa/+hcUHLjOW acqzUMOoKPTJY6pRyVl1FpWIC0ylO2BCGOc6YGhkXdBXeBmQcxoWET65Dh65bGJwpNc8IKDOsJ8rnLLiJG5Y6/n5k0lyUmuV0MVFc8lAXoa1AOE4lo5rPYYCpTCHWkE6wxFRDnRqzTEAuJYsbmRhCsiaQSCwmKZ01USaULsQ4fnsZGiawUATWxXM/A9XtdYBiYRevqVIl2YhDDoA3sZgXWDchL CWe23lczorpUpirt0O4XJzQXlO1p2XJtheoBRyzRzi4qFGaatZG45RvQEvJmyAEVGewmJ4WmYBqkJSner4XY66gpSDCnL0CwzLL7WqaXjWMRuZHgyh0IZNpniDOtBXZLYEQcpkRmEJBi07QREHKzECjVlVmOlHlFRfqGKdJKZm36EUxzbCcAurmzzKcjw16Oa2MQSQOp+AHjVmMcmV+AVxMcK6 LzHxTLQk2E9B2naiz27kHNhznCWdhJwrfQDE6u6H97dwLkXTE0ooegJZiHh4skQnmsUEx9KuJKrO7hFWpDdJsplVs+ifVnd2vz4nCYyDI06imp/sGTRnYbhvDqnC/QtuVlySUwBV56DI9imN984fQlW7kKYnETrmenSeBuZzkjSWXyba8ONWudcRiHTaKBaVCMk0mepMxOoZy2VuCzELzCN08r prJoMMmf+jzk/Vyrwd1xsaVuYUm0Mw8RA+L2S1PAKmDrYsMWq545TsgjFX2O0lzw87yxYbzNE7CYHSRgGR45URAHjKdtXw4iXVygYBgniYrL/ZP3vJRS6yXjQLBzipzdGoO70YVtLvMIGJbyqaK2khstaGi5oHvg8Zr7H4ryhc1S4h50U7hXfFfHDzS0vYAKWZmIG2ze7ZgUMDutz3qJ03sCtu dRGIjWoZijG3Nljsfwd+ESV/VGxxXZjjYPh7tdX2qZ6neJuqBtUIGzFDVJnuO7G0ke33rtL/Rad/Z9TfaZQdrq9PaDdmTyt2DpuaJTynoOPudZPh01uLmK27e4l6vuNf+dIfL6Q5bXSTtxkTuUWLs2Oe5fDudrGg6x61OomJFi1KKxY25ISArAeFlm+bv4Iu3hqddMTUuW6XUrpSW8QupXSEt4 5eRDtbWdNAKZbrGPm5t5uyxRzd35KPVds1M5LPjJTtWC9I9mJJ8ARZisavgLqLsbvXjOlqb+Kg1ceMJ3GBUzagWc1wzxy5LOG7QorSnB6MYzctszAScLc29qsGxs9IdmivTbRL1ecHBkjWWYsLOrfp34SyCSUrPPW0yWHrrL9U1YM8p62K0wO1p0vRLAa1pz+FYzsP9+vzi6TWGl4IN8oHFm7f Ivj3IuUd+H9kh5sI+70cVvCNE/htBe/B0dyfq7kQ/f9u5/7B+W7gSfBl8FdwJouC74H5wEBwFJwENRPBb8Hvwx9avW39u/bX190J6+VJt80XQuLb++R+ca+rF</latexit><latexit sha1_base64="ds2wgXk33+1COkPf4HrEuDiCnh8=">AAANEnichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbD0GKokEWO 21R0wtImpIFUxJDUq1dVm8x7HZ7jt0Nu90L7C32CDukZceinFaAbfr7vnN4zuGhRBHBU6W73X8vXX7v/Q8+/OjKx1evbX3y6WfXb3z+VBWlpOyEFryQzwlWjKc5O9Gp5uy5kAxnhLNnZNqz/LOXTKq0yAd6Ltgow0mexinFGiCEfmJc4xBl5Wn39Hqnu9N1V9geRPWgE9TX0emNa/+hcUHLjOW acqzUMOoKPTJY6pRyVl1FpWIC0ylO2BCGOc6YGhkXdBXeBmQcxoWET65Dh65bGJwpNc8IKDOsJ8rnLLiJG5Y6/n5k0lyUmuV0MVFc8lAXoa1AOE4lo5rPYYCpTCHWkE6wxFRDnRqzTEAuJYsbmRhCsiaQSCwmKZ01USaULsQ4fnsZGiawUATWxXM/A9XtdYBiYRevqVIl2YhDDoA3sZgXWDchL CWe23lczorpUpirt0O4XJzQXlO1p2XJtheoBRyzRzi4qFGaatZG45RvQEvJmyAEVGewmJ4WmYBqkJSner4XY66gpSDCnL0CwzLL7WqaXjWMRuZHgyh0IZNpniDOtBXZLYEQcpkRmEJBi07QREHKzECjVlVmOlHlFRfqGKdJKZm36EUxzbCcAurmzzKcjw16Oa2MQSQOp+AHjVmMcmV+AVxMcK6 LzHxTLQk2E9B2naiz27kHNhznCWdhJwrfQDE6u6H97dwLkXTE0ooegJZiHh4skQnmsUEx9KuJKrO7hFWpDdJsplVs+ifVnd2vz4nCYyDI06imp/sGTRnYbhvDqnC/QtuVlySUwBV56DI9imN984fQlW7kKYnETrmenSeBuZzkjSWXyba8ONWudcRiHTaKBaVCMk0mepMxOoZy2VuCzELzCN08r prJoMMmf+jzk/Vyrwd1xsaVuYUm0Mw8RA+L2S1PAKmDrYsMWq545TsgjFX2O0lzw87yxYbzNE7CYHSRgGR45URAHjKdtXw4iXVygYBgniYrL/ZP3vJRS6yXjQLBzipzdGoO70YVtLvMIGJbyqaK2khstaGi5oHvg8Zr7H4ryhc1S4h50U7hXfFfHDzS0vYAKWZmIG2ze7ZgUMDutz3qJ03sCtu dRGIjWoZijG3Nljsfwd+ESV/VGxxXZjjYPh7tdX2qZ6neJuqBtUIGzFDVJnuO7G0ke33rtL/Rad/Z9TfaZQdrq9PaDdmTyt2DpuaJTynoOPudZPh01uLmK27e4l6vuNf+dIfL6Q5bXSTtxkTuUWLs2Oe5fDudrGg6x61OomJFi1KKxY25ISArAeFlm+bv4Iu3hqddMTUuW6XUrpSW8QupXSEt4 5eRDtbWdNAKZbrGPm5t5uyxRzd35KPVds1M5LPjJTtWC9I9mJJ8ARZisavgLqLsbvXjOlqb+Kg1ceMJ3GBUzagWc1wzxy5LOG7QorSnB6MYzctszAScLc29qsGxs9IdmivTbRL1ecHBkjWWYsLOrfp34SyCSUrPPW0yWHrrL9U1YM8p62K0wO1p0vRLAa1pz+FYzsP9+vzi6TWGl4IN8oHFm7f Ivj3IuUd+H9kh5sI+70cVvCNE/htBe/B0dyfq7kQ/f9u5/7B+W7gSfBl8FdwJouC74H5wEBwFJwENRPBb8Hvwx9avW39u/bX190J6+VJt80XQuLb++R+ca+rF</latexit><latexit sha1_base64="ds2wgXk33+1COkPf4HrEuDiCnh8=">AAANEnichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbD0GKokEWO 21R0wtImpIFUxJDUq1dVm8x7HZ7jt0Nu90L7C32CDukZceinFaAbfr7vnN4zuGhRBHBU6W73X8vXX7v/Q8+/OjKx1evbX3y6WfXb3z+VBWlpOyEFryQzwlWjKc5O9Gp5uy5kAxnhLNnZNqz/LOXTKq0yAd6Ltgow0mexinFGiCEfmJc4xBl5Wn39Hqnu9N1V9geRPWgE9TX0emNa/+hcUHLjOW acqzUMOoKPTJY6pRyVl1FpWIC0ylO2BCGOc6YGhkXdBXeBmQcxoWET65Dh65bGJwpNc8IKDOsJ8rnLLiJG5Y6/n5k0lyUmuV0MVFc8lAXoa1AOE4lo5rPYYCpTCHWkE6wxFRDnRqzTEAuJYsbmRhCsiaQSCwmKZ01USaULsQ4fnsZGiawUATWxXM/A9XtdYBiYRevqVIl2YhDDoA3sZgXWDchL CWe23lczorpUpirt0O4XJzQXlO1p2XJtheoBRyzRzi4qFGaatZG45RvQEvJmyAEVGewmJ4WmYBqkJSner4XY66gpSDCnL0CwzLL7WqaXjWMRuZHgyh0IZNpniDOtBXZLYEQcpkRmEJBi07QREHKzECjVlVmOlHlFRfqGKdJKZm36EUxzbCcAurmzzKcjw16Oa2MQSQOp+AHjVmMcmV+AVxMcK6 LzHxTLQk2E9B2naiz27kHNhznCWdhJwrfQDE6u6H97dwLkXTE0ooegJZiHh4skQnmsUEx9KuJKrO7hFWpDdJsplVs+ifVnd2vz4nCYyDI06imp/sGTRnYbhvDqnC/QtuVlySUwBV56DI9imN984fQlW7kKYnETrmenSeBuZzkjSWXyba8ONWudcRiHTaKBaVCMk0mepMxOoZy2VuCzELzCN08r prJoMMmf+jzk/Vyrwd1xsaVuYUm0Mw8RA+L2S1PAKmDrYsMWq545TsgjFX2O0lzw87yxYbzNE7CYHSRgGR45URAHjKdtXw4iXVygYBgniYrL/ZP3vJRS6yXjQLBzipzdGoO70YVtLvMIGJbyqaK2khstaGi5oHvg8Zr7H4ryhc1S4h50U7hXfFfHDzS0vYAKWZmIG2ze7ZgUMDutz3qJ03sCtu dRGIjWoZijG3Nljsfwd+ESV/VGxxXZjjYPh7tdX2qZ6neJuqBtUIGzFDVJnuO7G0ke33rtL/Rad/Z9TfaZQdrq9PaDdmTyt2DpuaJTynoOPudZPh01uLmK27e4l6vuNf+dIfL6Q5bXSTtxkTuUWLs2Oe5fDudrGg6x61OomJFi1KKxY25ISArAeFlm+bv4Iu3hqddMTUuW6XUrpSW8QupXSEt4 5eRDtbWdNAKZbrGPm5t5uyxRzd35KPVds1M5LPjJTtWC9I9mJJ8ARZisavgLqLsbvXjOlqb+Kg1ceMJ3GBUzagWc1wzxy5LOG7QorSnB6MYzctszAScLc29qsGxs9IdmivTbRL1ecHBkjWWYsLOrfp34SyCSUrPPW0yWHrrL9U1YM8p62K0wO1p0vRLAa1pz+FYzsP9+vzi6TWGl4IN8oHFm7f Ivj3IuUd+H9kh5sI+70cVvCNE/htBe/B0dyfq7kQ/f9u5/7B+W7gSfBl8FdwJouC74H5wEBwFJwENRPBb8Hvwx9avW39u/bX190J6+VJt80XQuLb++R+ca+rF</latexit><latexit sha1_base64="ds2wgXk33+1COkPf4HrEuDiCnh8=">AAANEnichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbD0GKokEWO 21R0wtImpIFUxJDUq1dVm8x7HZ7jt0Nu90L7C32CDukZceinFaAbfr7vnN4zuGhRBHBU6W73X8vXX7v/Q8+/OjKx1evbX3y6WfXb3z+VBWlpOyEFryQzwlWjKc5O9Gp5uy5kAxnhLNnZNqz/LOXTKq0yAd6Ltgow0mexinFGiCEfmJc4xBl5Wn39Hqnu9N1V9geRPWgE9TX0emNa/+hcUHLjOW acqzUMOoKPTJY6pRyVl1FpWIC0ylO2BCGOc6YGhkXdBXeBmQcxoWET65Dh65bGJwpNc8IKDOsJ8rnLLiJG5Y6/n5k0lyUmuV0MVFc8lAXoa1AOE4lo5rPYYCpTCHWkE6wxFRDnRqzTEAuJYsbmRhCsiaQSCwmKZ01USaULsQ4fnsZGiawUATWxXM/A9XtdYBiYRevqVIl2YhDDoA3sZgXWDchL CWe23lczorpUpirt0O4XJzQXlO1p2XJtheoBRyzRzi4qFGaatZG45RvQEvJmyAEVGewmJ4WmYBqkJSner4XY66gpSDCnL0CwzLL7WqaXjWMRuZHgyh0IZNpniDOtBXZLYEQcpkRmEJBi07QREHKzECjVlVmOlHlFRfqGKdJKZm36EUxzbCcAurmzzKcjw16Oa2MQSQOp+AHjVmMcmV+AVxMcK6 LzHxTLQk2E9B2naiz27kHNhznCWdhJwrfQDE6u6H97dwLkXTE0ooegJZiHh4skQnmsUEx9KuJKrO7hFWpDdJsplVs+ifVnd2vz4nCYyDI06imp/sGTRnYbhvDqnC/QtuVlySUwBV56DI9imN984fQlW7kKYnETrmenSeBuZzkjSWXyba8ONWudcRiHTaKBaVCMk0mepMxOoZy2VuCzELzCN08r prJoMMmf+jzk/Vyrwd1xsaVuYUm0Mw8RA+L2S1PAKmDrYsMWq545TsgjFX2O0lzw87yxYbzNE7CYHSRgGR45URAHjKdtXw4iXVygYBgniYrL/ZP3vJRS6yXjQLBzipzdGoO70YVtLvMIGJbyqaK2khstaGi5oHvg8Zr7H4ryhc1S4h50U7hXfFfHDzS0vYAKWZmIG2ze7ZgUMDutz3qJ03sCtu dRGIjWoZijG3Nljsfwd+ESV/VGxxXZjjYPh7tdX2qZ6neJuqBtUIGzFDVJnuO7G0ke33rtL/Rad/Z9TfaZQdrq9PaDdmTyt2DpuaJTynoOPudZPh01uLmK27e4l6vuNf+dIfL6Q5bXSTtxkTuUWLs2Oe5fDudrGg6x61OomJFi1KKxY25ISArAeFlm+bv4Iu3hqddMTUuW6XUrpSW8QupXSEt4 5eRDtbWdNAKZbrGPm5t5uyxRzd35KPVds1M5LPjJTtWC9I9mJJ8ARZisavgLqLsbvXjOlqb+Kg1ceMJ3GBUzagWc1wzxy5LOG7QorSnB6MYzctszAScLc29qsGxs9IdmivTbRL1ecHBkjWWYsLOrfp34SyCSUrPPW0yWHrrL9U1YM8p62K0wO1p0vRLAa1pz+FYzsP9+vzi6TWGl4IN8oHFm7f Ivj3IuUd+H9kh5sI+70cVvCNE/htBe/B0dyfq7kQ/f9u5/7B+W7gSfBl8FdwJouC74H5wEBwFJwENRPBb8Hvwx9avW39u/bX190J6+VJt80XQuLb++R+ca+rF</latexit>
lµ
<latexit sha1_base64="bvw+Sqv0n4MR1XX+bBwJN1q9gdk=">AAANC3ichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbA0GKokEWO 21R0w0ompIFkxJDUq1dVo8w7HZ7jt0Nu91D7C32CDukZcei3FSAbfr7vnN4zuGhRMWCZUp3u/9euvzBhx99/MmVT69e2/rs8y+u3/jyqSpKSegJKVghn8dYUZbl9ERnmtHnQlLMY0afxdOe5Z+9olJlRT7Qc0FHHKd5lmQEa4BO2Cni5en1Tnen666wPYjqQSeor6PTG9f+Q+OClJzmmjCs1DD qCj0yWOqMMFpdRaWiApMpTukQhjnmVI2Mi7YKbwMyDpNCwifXoUPXLQzmSs15DEqO9UT5nAU3ccNSJz+OTJaLUtOcLCZKShbqIrSph+NMUqLZHAaYyAxiDckES0w0FKgxywTkUtKkkYmJY94EUonFJCOzJkqF0oUYJxeXoWECKxTDgnjuZ6C6vQ4QLOyqNVWqjDfikAPgTSxhBdZNCEuJ53Yel 7OiuhTm6u0QLhcn9NVU7WlZ0u0FagHH7MUMXNQoyTRto0nGNqClZE0QAqozWExPCi6gGnHGMj3fSzBT0FIQYU5fg2HJc7uaplcNo5H52SACXUhllqeIUW1Fdi8ghFxmMUyhoEUnaKIgZWqgUauKm05UecWFOiZZWkrqLXpRTDmWU0Dd/JzjfGzQq2llDIqTcAp+0JgmKFfmJeBignNdcPNdtST oTEDbdaLObuce2DCcp4yGnSh8C8Xo7Ib2t3MvRNIRSytyAFqCWXiwRCaYJQYl0K8mqszuElalNkjTmVaJ6Z9Ud3a/PScKj4EgT6Oanu4bNKVgu20MrcL9Cm1XXpJQAlfkocv0KEn0zZ9CV7qRp4wldsr17DwJzOUkby25TLblxal2rSOa6LBRLCgVklk60ZuM0TGUy94SJA/NI3TzuGomgw6b/ KHPT9bLvR7UGR1X5haaQDOzED0sZrc8AaQOti4yaLnite8gprSy32mWG3qWLzacp3ESCqN3CWKOV04E5CGzWcuHk1gn7xDEmGXpyov9k7d81BLrZaNA0LPKHJ2aw7tRBe0uOURsS9lUERuJrTZU1DzwfZBkjd1vRfmiZuPYvGin8L743x080tL2QFzMzEDaZvdswaCA3W971E86titsd1KcGNE yFGNsa7bc+Qj+plT6qt7guDLDwfbxaK/rUz1L9TZRD6wVMmCGqjbZc2RvI9nrW6f9jU77zq6/0Y4frK1OazfwJ5W7B03NE59S0HH2O+X4dNbi5itu3uLerLg3/nSHy+kOW10k7cZE7lFi7NjnmbyYTlc0meNWJxGxokUpxeLG3BDEK0HMyjbN3sMXF4anXTE1Llul1K6UlvELqV0hLeOXkQzW1 nTQCmW6xj5ubWb+2KObO/LRartyE/nseMmO1YJ0D6Y0X4CFWOwquIsou1v9uI7WJj5qTdx4AjcYVTOqxRzXzLHLEo4bpCjt6cEoSvKSj6mAs6W5VzU4ela603Jluk2iPi84WNLGUkzouVX/LpxFcJyRc0+bDJbe+kt1DdhzyroYLXB7mjT9UkBr2nM4lvNwvz6/eHqN4W1gg3xg8eYtsm8Pcu6 R30d2iJmwz/tRBe8Ikf9G0B483d2JujvRL9937j+s3xauBF8H3wR3gij4IbgfHARHwUlAgiz4Lfg9+GPr160/t/7a+nshvXyptvkqaFxb//wP3droVQ==</latexit><latexit sha1_base64="bvw+Sqv0n4MR1XX+bBwJN1q9gdk=">AAANC3ichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbA0GKokEWO 21R0w0ompIFkxJDUq1dVo8w7HZ7jt0Nu91D7C32CDukZcei3FSAbfr7vnN4zuGhRMWCZUp3u/9euvzBhx99/MmVT69e2/rs8y+u3/jyqSpKSegJKVghn8dYUZbl9ERnmtHnQlLMY0afxdOe5Z+9olJlRT7Qc0FHHKd5lmQEa4BO2Cni5en1Tnen666wPYjqQSeor6PTG9f+Q+OClJzmmjCs1DD qCj0yWOqMMFpdRaWiApMpTukQhjnmVI2Mi7YKbwMyDpNCwifXoUPXLQzmSs15DEqO9UT5nAU3ccNSJz+OTJaLUtOcLCZKShbqIrSph+NMUqLZHAaYyAxiDckES0w0FKgxywTkUtKkkYmJY94EUonFJCOzJkqF0oUYJxeXoWECKxTDgnjuZ6C6vQ4QLOyqNVWqjDfikAPgTSxhBdZNCEuJ53Yel 7OiuhTm6u0QLhcn9NVU7WlZ0u0FagHH7MUMXNQoyTRto0nGNqClZE0QAqozWExPCi6gGnHGMj3fSzBT0FIQYU5fg2HJc7uaplcNo5H52SACXUhllqeIUW1Fdi8ghFxmMUyhoEUnaKIgZWqgUauKm05UecWFOiZZWkrqLXpRTDmWU0Dd/JzjfGzQq2llDIqTcAp+0JgmKFfmJeBignNdcPNdtST oTEDbdaLObuce2DCcp4yGnSh8C8Xo7Ib2t3MvRNIRSytyAFqCWXiwRCaYJQYl0K8mqszuElalNkjTmVaJ6Z9Ud3a/PScKj4EgT6Oanu4bNKVgu20MrcL9Cm1XXpJQAlfkocv0KEn0zZ9CV7qRp4wldsr17DwJzOUkby25TLblxal2rSOa6LBRLCgVklk60ZuM0TGUy94SJA/NI3TzuGomgw6b/ KHPT9bLvR7UGR1X5haaQDOzED0sZrc8AaQOti4yaLnite8gprSy32mWG3qWLzacp3ESCqN3CWKOV04E5CGzWcuHk1gn7xDEmGXpyov9k7d81BLrZaNA0LPKHJ2aw7tRBe0uOURsS9lUERuJrTZU1DzwfZBkjd1vRfmiZuPYvGin8L743x080tL2QFzMzEDaZvdswaCA3W971E86titsd1KcGNE yFGNsa7bc+Qj+plT6qt7guDLDwfbxaK/rUz1L9TZRD6wVMmCGqjbZc2RvI9nrW6f9jU77zq6/0Y4frK1OazfwJ5W7B03NE59S0HH2O+X4dNbi5itu3uLerLg3/nSHy+kOW10k7cZE7lFi7NjnmbyYTlc0meNWJxGxokUpxeLG3BDEK0HMyjbN3sMXF4anXTE1Llul1K6UlvELqV0hLeOXkQzW1 nTQCmW6xj5ubWb+2KObO/LRartyE/nseMmO1YJ0D6Y0X4CFWOwquIsou1v9uI7WJj5qTdx4AjcYVTOqxRzXzLHLEo4bpCjt6cEoSvKSj6mAs6W5VzU4ela603Jluk2iPi84WNLGUkzouVX/LpxFcJyRc0+bDJbe+kt1DdhzyroYLXB7mjT9UkBr2nM4lvNwvz6/eHqN4W1gg3xg8eYtsm8Pcu6 R30d2iJmwz/tRBe8Ikf9G0B483d2JujvRL9937j+s3xauBF8H3wR3gij4IbgfHARHwUlAgiz4Lfg9+GPr160/t/7a+nshvXyptvkqaFxb//wP3droVQ==</latexit><latexit sha1_base64="bvw+Sqv0n4MR1XX+bBwJN1q9gdk=">AAANC3ichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbA0GKokEWO 21R0w0ompIFkxJDUq1dVo8w7HZ7jt0Nu91D7C32CDukZcei3FSAbfr7vnN4zuGhRMWCZUp3u/9euvzBhx99/MmVT69e2/rs8y+u3/jyqSpKSegJKVghn8dYUZbl9ERnmtHnQlLMY0afxdOe5Z+9olJlRT7Qc0FHHKd5lmQEa4BO2Cni5en1Tnen666wPYjqQSeor6PTG9f+Q+OClJzmmjCs1DD qCj0yWOqMMFpdRaWiApMpTukQhjnmVI2Mi7YKbwMyDpNCwifXoUPXLQzmSs15DEqO9UT5nAU3ccNSJz+OTJaLUtOcLCZKShbqIrSph+NMUqLZHAaYyAxiDckES0w0FKgxywTkUtKkkYmJY94EUonFJCOzJkqF0oUYJxeXoWECKxTDgnjuZ6C6vQ4QLOyqNVWqjDfikAPgTSxhBdZNCEuJ53Yel 7OiuhTm6u0QLhcn9NVU7WlZ0u0FagHH7MUMXNQoyTRto0nGNqClZE0QAqozWExPCi6gGnHGMj3fSzBT0FIQYU5fg2HJc7uaplcNo5H52SACXUhllqeIUW1Fdi8ghFxmMUyhoEUnaKIgZWqgUauKm05UecWFOiZZWkrqLXpRTDmWU0Dd/JzjfGzQq2llDIqTcAp+0JgmKFfmJeBignNdcPNdtST oTEDbdaLObuce2DCcp4yGnSh8C8Xo7Ib2t3MvRNIRSytyAFqCWXiwRCaYJQYl0K8mqszuElalNkjTmVaJ6Z9Ud3a/PScKj4EgT6Oanu4bNKVgu20MrcL9Cm1XXpJQAlfkocv0KEn0zZ9CV7qRp4wldsr17DwJzOUkby25TLblxal2rSOa6LBRLCgVklk60ZuM0TGUy94SJA/NI3TzuGomgw6b/ KHPT9bLvR7UGR1X5haaQDOzED0sZrc8AaQOti4yaLnite8gprSy32mWG3qWLzacp3ESCqN3CWKOV04E5CGzWcuHk1gn7xDEmGXpyov9k7d81BLrZaNA0LPKHJ2aw7tRBe0uOURsS9lUERuJrTZU1DzwfZBkjd1vRfmiZuPYvGin8L743x080tL2QFzMzEDaZvdswaCA3W971E86titsd1KcGNE yFGNsa7bc+Qj+plT6qt7guDLDwfbxaK/rUz1L9TZRD6wVMmCGqjbZc2RvI9nrW6f9jU77zq6/0Y4frK1OazfwJ5W7B03NE59S0HH2O+X4dNbi5itu3uLerLg3/nSHy+kOW10k7cZE7lFi7NjnmbyYTlc0meNWJxGxokUpxeLG3BDEK0HMyjbN3sMXF4anXTE1Llul1K6UlvELqV0hLeOXkQzW1 nTQCmW6xj5ubWb+2KObO/LRartyE/nseMmO1YJ0D6Y0X4CFWOwquIsou1v9uI7WJj5qTdx4AjcYVTOqxRzXzLHLEo4bpCjt6cEoSvKSj6mAs6W5VzU4ela603Jluk2iPi84WNLGUkzouVX/LpxFcJyRc0+bDJbe+kt1DdhzyroYLXB7mjT9UkBr2nM4lvNwvz6/eHqN4W1gg3xg8eYtsm8Pcu6 R30d2iJmwz/tRBe8Ikf9G0B483d2JujvRL9937j+s3xauBF8H3wR3gij4IbgfHARHwUlAgiz4Lfg9+GPr160/t/7a+nshvXyptvkqaFxb//wP3droVQ==</latexit><latexit sha1_base64="bvw+Sqv0n4MR1XX+bBwJN1q9gdk=">AAANC3ichVfdbts2FFa7v67Ntna73I06t0A3pIGVDtgwIENbA0GKokEWO 21R0w0ompIFkxJDUq1dVo8w7HZ7jt0Nu91D7C32CDukZcei3FSAbfr7vnN4zuGhRMWCZUp3u/9euvzBhx99/MmVT69e2/rs8y+u3/jyqSpKSegJKVghn8dYUZbl9ERnmtHnQlLMY0afxdOe5Z+9olJlRT7Qc0FHHKd5lmQEa4BO2Cni5en1Tnen666wPYjqQSeor6PTG9f+Q+OClJzmmjCs1DD qCj0yWOqMMFpdRaWiApMpTukQhjnmVI2Mi7YKbwMyDpNCwifXoUPXLQzmSs15DEqO9UT5nAU3ccNSJz+OTJaLUtOcLCZKShbqIrSph+NMUqLZHAaYyAxiDckES0w0FKgxywTkUtKkkYmJY94EUonFJCOzJkqF0oUYJxeXoWECKxTDgnjuZ6C6vQ4QLOyqNVWqjDfikAPgTSxhBdZNCEuJ53Yel 7OiuhTm6u0QLhcn9NVU7WlZ0u0FagHH7MUMXNQoyTRto0nGNqClZE0QAqozWExPCi6gGnHGMj3fSzBT0FIQYU5fg2HJc7uaplcNo5H52SACXUhllqeIUW1Fdi8ghFxmMUyhoEUnaKIgZWqgUauKm05UecWFOiZZWkrqLXpRTDmWU0Dd/JzjfGzQq2llDIqTcAp+0JgmKFfmJeBignNdcPNdtST oTEDbdaLObuce2DCcp4yGnSh8C8Xo7Ib2t3MvRNIRSytyAFqCWXiwRCaYJQYl0K8mqszuElalNkjTmVaJ6Z9Ud3a/PScKj4EgT6Oanu4bNKVgu20MrcL9Cm1XXpJQAlfkocv0KEn0zZ9CV7qRp4wldsr17DwJzOUkby25TLblxal2rSOa6LBRLCgVklk60ZuM0TGUy94SJA/NI3TzuGomgw6b/ KHPT9bLvR7UGR1X5haaQDOzED0sZrc8AaQOti4yaLnite8gprSy32mWG3qWLzacp3ESCqN3CWKOV04E5CGzWcuHk1gn7xDEmGXpyov9k7d81BLrZaNA0LPKHJ2aw7tRBe0uOURsS9lUERuJrTZU1DzwfZBkjd1vRfmiZuPYvGin8L743x080tL2QFzMzEDaZvdswaCA3W971E86titsd1KcGNE yFGNsa7bc+Qj+plT6qt7guDLDwfbxaK/rUz1L9TZRD6wVMmCGqjbZc2RvI9nrW6f9jU77zq6/0Y4frK1OazfwJ5W7B03NE59S0HH2O+X4dNbi5itu3uLerLg3/nSHy+kOW10k7cZE7lFi7NjnmbyYTlc0meNWJxGxokUpxeLG3BDEK0HMyjbN3sMXF4anXTE1Llul1K6UlvELqV0hLeOXkQzW1 nTQCmW6xj5ubWb+2KObO/LRartyE/nseMmO1YJ0D6Y0X4CFWOwquIsou1v9uI7WJj5qTdx4AjcYVTOqxRzXzLHLEo4bpCjt6cEoSvKSj6mAs6W5VzU4ela603Jluk2iPi84WNLGUkzouVX/LpxFcJyRc0+bDJbe+kt1DdhzyroYLXB7mjT9UkBr2nM4lvNwvz6/eHqN4W1gg3xg8eYtsm8Pcu6 R30d2iJmwz/tRBe8Ikf9G0B483d2JujvRL9937j+s3xauBF8H3wR3gij4IbgfHARHwUlAgiz4Lfg9+GPr160/t/7a+nshvXyptvkqaFxb//wP3droVQ==</latexit>
FIG. 6. (a) the potential distribution shows that an addi-
tional constant chemical potential ∆µ0 is added in the middle
of the wire with lµ = 200. (b) the energy spectrum indi-
cates that there are two TQPT points (Vz1 = 4.1meV and
Vz2 = 6.07meV). (c) the spectrum in the small energy region
indicates the presence of four Majorana modes (γl, λl, λr, γr)
with energies close to zero for Vz1 < Vz < Vz2. Their loca-
tions are illustrated in panel (a). As Vz > Vz2, only two
MZMs (γl, γr) appear at the two wire ends respectively. (e,d)
the Φ − E relations of the lattice model (green) for the four
lowest energy levels are in agreement with the effective four-
Majorana model (red, d, f, g in Eq. 24 are chosen by fitting).
The 4pi periodicity domination persists in the entire four Ma-
jorana region.
splitting between the two gap closings, and two Majorana
modes with small energy oscillation for Vz > Vz2. The
energy splitting and oscillation involve the hybridization
variations of the Majorana modes as Vz is increased
43.
By tuning the Zeeman splitting Vz, the nanowire can
host zero, four, and two Majorana modes respectively
as three distinct phases. The trivial and topological re-
gions hosting zero and two Majorana modes respectively
have been extensively discussed in section IV A. Since we
have discussed above, our focus now is on the low energy
physics of the Josephson effect for the wire hosting four
Majorana modes. Before performing the numerical simu-
lation for the lattice model, we construct the low energy
Hamiltonian of the four-Majorana model to understand
the Josephson junction physics
H4M =i(d cos(Φ/2) +D)γlγr + igγlλl + igγrλr
+ ifλlλr + ihγrλl + ihγlλr, (21)
where the Majorana operators (γl, γr, λl, λr) repre-
sent two Majoranas located on the two wire ends and
two Majoranas located near the potential jump points
9respectively as illustrated in Fig. 6(a). The first term in
eq. 21 stems from both the 4pi energy oscillation of the
two Majorana end modes and their finite size effect as de-
scribed in Eq. 13. The second and third terms describe
the two similar couplings of the two Majorana modes
in the same potential wells (on the left and right sides
in Fig. 6(a) respectively) and f is the tunnel coupling
strength for the two Majorana modes through the mid-
dle of the wire. The last two terms are the coupling of one
Majorana end mode on the right/left side and one Majo-
rana mode near the potential jump on the left/right side
through the junction. Although h might be Φ-dependent
due to the junction tunneling, in our simple model a Φ-
independent h is assumed. If the flux-dependence of the
coupling strength is known, it is straightforward to in-
clude it in the theory.
By analytically solving the eigenvalues of the Hamil-
tonian, the low energy spectrum of the many-body BCS
wavefunction is given by
E±BCS1 =±
√
(d cos(Φ/2) +D + f)2 + 4g2,
E±BCS2 =±
√
(d cos(Φ/2) +D − f)2 + 4h2. (22)
These many-body energies lead to the expression of the
quasiparticle and quasihole energies
E±1 =± E+BCS1 ∓ E+BCS2,
E±2 =± E+BCS1 ± E+BCS2. (23)
For our specific model of the numerical simulation, D ≈
0 due to the long wire length L = 400 for all of the
following cases. The coupling strength h is neglected,
since it is weaken by the long length of the potential well
((L−lµ)/2 = 100) in our model and the coupling through
the junction (it will be restored for large lµ later). The
explicit energy expression of quasiparticle and quasihole
is written as
E±1 =±
√
(d cos(Φ/2) + f)2 + 4g2 ∓ |d cos(Φ/2)− f |,
E±2 =±
√
(d cos(Φ/2) + f)2 + 4g2 ± |d cos(Φ/2)− f |.
(24)
The spectrum of Eq. 24 shows that non-zero d, f, and
g destroy the 2pi periodicity (E±1 (Φ + 2pi) 6= E±1 (Φ) and
E±2 (Φ+2pi) 6= E±2 (Φ)) and lead to a 4pi periodicity. This
is a key feature that effective 4pi oscillations may arise
even when the whole wire encloses multiple MZMs.
Now returning to the numerical simulation of the Φ−E
relation for the lattice model, since there are four low en-
ergy Majorana modes in this region and we include four
lowest energy bands in the panels of the Φ − E relation
as shown in Fig. 6(d,e); the Φ − E relation exhibits a
4pi periodicity in the entire region of the four Majorana
modes. Furthermore, the energy spectrum from the lat-
tice model as a function of Φ in the four-MZM region is
consistent with the low energy model of Eq. (24). We
conclude that the transition point between 2pi and 4pi
periodicities occurs at the first TQPT point Vz1 and for
Vz > Vz1, the system manifests only 4pi oscillations in
spite of the presence of four MZMs in the wire.
The length lµ of the additional constant potential re-
gion can go to two limits (lµ → 0, L). First, as
lµ → 0, only the coupling of the two Majorana end modes
through the junction and the coupling of the two Majo-
rana modes at the potential jumps dominate so that the
effective Hamiltonian is of the simple form
H4M =id cos(Φ/2)γlγr + ifλlλr. (25)
The coupling strength f grows as lµ becomes shorter.
When lµ = 0, the two Majorana modes (λl, λr) in
the middle of the wire move far away from zero energy
and the nanowire hosts only two MZMs (γl, γr) on the
ends. For non-zero lµ, the quasiparticle and quasihole
energies as a function of Φ become similar to Fig. 6(e)
(E±1 = ±d cos(Φ/2), E±2 = ±f) and the 4pi-periodicity
appears beyond Vz1 consistent with expectations (since
the system is now simply one homogeneous nanowire).
Second, as lµ → L, f vanishes and the coupling h
through the junction between one Majorana end mode
and one Majorana mode near one potential jump on the
other side cannot be neglected. These two factors are the
key leading to the 2pi periodicity of the BCS wavefunction
with fixed fermion parity as shown below. The energy
spectrum of quasiparticle and quasihole has the following
expression
E±1 =±
√
d2 cos2(Φ/2) + 4g2 ±
√
d2 cos2(Φ/2) + 4h2,
E±2 =±
√
d2 cos2(Φ/2) + 4g2 ∓
√
d2 cos2(Φ/2) + 4h2.
(26)
The absence of f in the energies implies E±1 (Φ + 2pi) =
E±1 (Φ) and E
±
2 (Φ+2pi) = E
±
2 (Φ). Furthermore, the pres-
ence of g, h avoids the energy level crossing at E±1 = E
∓
2
as Φ = pi, 3pi, and without any energy level crossing the
Josephson junction does not possess the 4pi periodicity
of the BCS wavefunction.
We consider the specific case lµ = 350 (c.f. L = 400)
for the numerical simulation. The energy spectrum of the
wire in the open boundary condition shows that the bulk
gap closing does not occur at V1z due to the short length
of the topological regions ((L − lµ)/2 = 25) as shown in
Fig. 7(a). In the Vz region between Vz1 and Vz2, the four
energy bands are close to zero energy. We include these
four energy bands to calculate the Φ−E relations of the
numerical model as shown in Fig. 7(b,c,d). As Vz is close
to Vz1, the quasiparticle and quasihole energies (26) are
identical to the Φ − E relation from the numerical sim-
ulation (Fig. 7(b)), which exhibits a 2pi periodicity. On
the other hand, as Vz is close to Vz2, the energy spec-
trum (Fig. 7(d)) from the numerical simulation deviates
away from the low energy approximation (26) exhibiting
2pi periodicity. In other words, the portion of the 4pi pe-
riodicity in the Φ−E gradually increases as Vz increases
toward Vz2.
In summary, the length of the potential plateau lµ and
the Zeeman splitting Vz are the main parameters to tune
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FIG. 7. (a) the energy spectrum for the long length
(lµ = 350) of the constant chemical potential plateau (∆µ0)
indicates that the bulk gap does not close at Vz = Vz1 due to
the short lengths of the topological regions. (b,c,d) the Φ−E
relations in the lattice model (14)(green) are in agreement
with the effective low energy theory (red, d, g, h in Eq. 26
are obtained by fitting). (d) the Φ−E relation in the lattice
model (green) deviates from the effective low energy theory
(26)(red) as Vz is close to Vz2. That is, the 2pi periodicity
gradually changes to the 4pi periodicity as Vz varies from Vz1
to Vz2.
the periodicity of the Φ−E relation. As Vz is fixed in the
region between Vz1 and Vz2 and the length lµ of the high
potential region is increased, the Φ−E relation gradually
changes from a 4pi periodicity to a 2pi periodicity. For
large lµ, as Vz varies from Vz1 to Vz2, the periodicity
gradually goes from 2pi to 4pi, too.
B. Sine function potential in all regions
Next, we consider a smooth trigonometric (“sine”) in-
homogeneous chemical potential distribution in the entire
wire by adding48
Hˆsin = −
∑
1≤j≤L
V0C
†
j sin(
pij
L
)τzσ0Cj , (27)
to the lattice Hamiltonian (14) as illustrated in Fig. 8(a).
For the lattice model we choose V0 = 2meV, which is
identical to the constant value of the potential well in the
previous case. There are still two distinct TQPT points
(Vz = Vz1, Vz2). The spectrum of the wire (Fig. 8(b))
in the open boundary condition shows that two MZMs
appear for Vz > Vz2 and four energy levels close to zero
are present between Vz1 and Vz2. It is not surprising
that the Φ − E relation of the Josephson effect can still
be captured by the four-Majorana effective Hamiltonian
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FIG. 8. Panel (a) illustrates a smooth chemical potential
distribution ∆µ(x) as sinx in the entire wire. (b) the en-
ergy spectrum shows the bulk energy level closing at Vz =
Vz2. Similarly, four Majorana modes appear (γl, λl, λr, γr) as
Vz1 < Vz < Vz2 as illustrated in panel (a). (c) the Φ − E
relation at Vz ∼ Vz1 exhibits a 2pi periodicity since the two
lowest energy levels are disconnected as shown in the inset.
(d) for Vz moves aways from Vz1, the Φ−E relation exhibits a
4pi periodicity due to the energy level crossings at Φ = pi, 3pi
as shown in the inset. The Φ−E relations (c,d) in the lattice
model (green) are consistent with the low energy Majorana
model (red, d, h, f in Eq. 26 are chosen by fitting). (e)
the Φ − E relation shows a 4pi periodicity as Vz is close to
Vz2; the Φ−E relation in the lattice model (green) is almost
consistent with the two independent energy splittings in the
effective theory (red, d, f in Eq. 25 are obtained by fitting).
(21). First, when Vz is near Vz1 as shown in Fig. 8(c), the
Φ−E relation can be faithfully described by Eq. 26 with
non-vanishing g and h. Furthermore, the inset of the
panel (c) indicates that the two positive energy levels are
disconnected. Therefore, the Φ − E relation exhibits a
2pi periodicity (by assuming the absence of Landau-Zener
tunneling). As Vz increases toward Vz2, the lengths of
the topological regions on the two sides become longer to
weaken the coupling h between one Majorana end mode
and another Majorana near the potential jump on the
other side. With vanishing h, Eq. 26 is in agreement
with the Φ − E relation from the lattice model simula-
tion. The Φ − E relation exhibits a 4pi periodicity since
the continuous evolution of the two lowest positive en-
ergy levels switch at the energy level crossing (the inset
of Fig. 8(d)). When Vz is very close to Vz2, the two topo-
logical regions are extended and the trivial region the
middle of the wire shrinks significantly. The coupling f
between λl and λr grows strongly and the coupling g can
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FIG. 9. Panel (a) illustrates an additional sine-shape chemi-
cal potential ∆µ(x) near one wire end and pictorial locations
of the four Majorana modes (λl, γl, γr, λr). (b) the energy
spectrum shows that two MZMs stay at zero energy and two
other Majorana modes exhibit the oscillation of the energy
splitting as Vz is increased from Vz1, where Vz1 is the only
TQPT point. (c) the Φ − E relation of the lattice model
(green) is in agreement with the low energy model (red, d, g, f
in Eq. 30 are chosen by fitting) and exhibits a 4pi periodicity.
be neglected due to the long length of the two topolog-
ical regions. As shown in Fig. 8(e), the Φ − E relation
can be simply captured by the two independent energy
splittings d cos(Φ/2) and f in Eq. 25.
C. Sine function potential near one wire end
After discussing the smooth potential in the entire
wire, we consider a smooth potential variation locally
near one end of the wire. As illustrated in Fig. 9(a), the
additional chemical potential Hamiltonian
Hˆsin = −
∑
1≤j≤le
V0C
†
j sin(
pij
le
)τzσ0Cj , (28)
is added to the lattice Hamiltonian (14). In our model,
we choose le = 50 and plot the energy spectrum in the
open boundary condition in Fig. 9(a). Only one TQPT
point is located at Vz = Vz1 = 4.1meV. Beyond the
TQPT point, two low energy modes appear (λl, λr) near
the middle of the potential well, and the energy splitting
oscillates and moves away from zero energy as Vz is in-
creased, whereas two MZMs (γl, γr) are present on the
two wire ends separately. We note that for Vz > Vz1
the energies of the Majorana modes near the middle po-
tential well oscillate and never touch the energy level of
the end MZMs. Similarly, the low-energy physics can be
captured by this effective four Majorana Hamiltonian
Hend4M = id cos(Φ/2)γlγr + igγlλl + ifλlλr, (29)
where g is the coupling of the Majorana modes on the left
side and f is the coupling of the Majorana modes in the
middle of the potential well. By solving the algebra of
the effective Hamiltonian, the quasiparticle and quasihole
energies are given by
E±1 =±
√
(d cos(Φ/2) + f)2 + 4g2 ∓
√
(d cos(Φ/2)− f)2 + 4g2,
E±2 =±
√
(d cos(Φ/2) + f)2 + 4g2 ±
√
(d cos(Φ/2)− f)2 + 4g2.
(30)
These effective low energies are consistent with the Φ−E
relation computed in the lattice model (14) as shown
in Fig. 9(c). Furthermore, the energies exhibit 2pi pe-
riodicity with the relations E±1 (Φ + 2pi) = E
∓
1 (Φ) and
E±2 (Φ+2pi) = E
±
2 (Φ). The energy level crossing E
±
1 = 0
always occurs at Φ = pi, 3pi. Hence, the entire system
always exhibits a 4pi periodicity for this local varying po-
tential.
VI. A LONG TRIVIAL SUPERCONDUCTOR IN
THE MIDDLE OF THE WIRE
In the experimental setup33, the typical structure of
the Josephson device commonly consists of a long trivial
(conventional) superconductor in the middle of the wire
and the topological superconductors on the two sides of
the trivial superconductor; the ends of the two topologi-
cal superconductors form the junction. Consider the po-
tential distribution exhibiting a plateau in the middle of
the wire as shown in Fig. 6(a). As Vz1 < V < Vz2, the
non-trivial superconducting regions appear on the two
sides of the wire and the trivial region is in the middle of
the wire. Therefore, the inhomogeneous potential distri-
bution can also faithfully capture the Josephson physics
of this long trivial superconductor case. Using the ef-
fective four-Majorana model (21), we analyze the peri-
odicities of the Josephson effect in this scenario for the
different lengths of the topological regions. We note that
the two Majorana coupling strengths D, f can be ne-
glected due to the long length of the trivial superconduc-
tor in the middle of the wire. (a) when the lengths of
the topological superconductors on the two sides are too
short, the finite size effect leads to the strong Majorana
couplings (g, h). That is, in the limit of lµ → L, the
spectrum of the quasiparticle and quasihole in Eq. 26 ex-
hibits a 2pi periodicity as Φ varies. (b) when the lengths
of the side topological superconductor regions are long
enough, these Majorana hybridizations g, h can be ne-
glected. The low energy Hamiltonian is given by Eq. 25
without ifλlλr. Therefore, the E − Φ relation exhibits
a 4pi periodicity with additional two isolated Majorana
zero modes in the ends of the long trivial superconduc-
tors.
Sec. IV shows that in the absence of the MZMs, the
short length of the wire and the suppression of the su-
perconductivity can lead a 4pi periodicity of the Joseph-
son effect. The long trivial superconductor can exclude
some of the trivial 4pi-periodicity cases stemming from
the short length of the wire. On the other hand, the sup-
pression of the superconducting in this case cannot be
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ruled out since the E − Φ still exhibits a 4pi periodicity
when the superconductivity in the entire system is sup-
pressed. As the entire system becomes a normal metal,
the previous trivial and topological regions does not af-
fect the 4pi periodicity of the E − Φ relation anymore.
VII. CONCLUSION
The presence of isolated MZMs, which possess zero en-
ergy, is not the only condition leading to the fractional
Josephson effect with 4pi periodicity. When the MZMs
are destroyed by the hybridization, a short length su-
perconducting wire and superconducting gap suppression
separately may give rise to 4pi periodicity. That is, under
some circumstances, the 4pi periodicity may dominate the
E − Φ relation even when the system is not inherently
topological. In the topological region, even if the Majo-
rana end modes strongly hybridize due to the finite size
effect, the Josephson effect still exhibits a 4pi periodicity.
With this strong finite size effect, the energy hybridiza-
tion never reaches zero as Φ varies and strictly speaking
there is no zero mode in the system Although the exper-
imental setup with the long trivial superconductor can
exclude the finite size effect, the other trivial conditions
can also lead to the trivial 4pi periodicity. Our work
shows that depending on various realistic physical effects
(e.g. wire length, gap suppression, Andreev bound states,
chemical potential variations), the system may manifest
2pi or 4pi oscillations in the Josephson effect or even a
combination of both without clearly establishing any un-
derlying topological physics (or rather emphasizing only
some aspects of the topological physics). Therefore, it
is difficult to associate the mere observation of approxi-
mate 4pi oscillations with the presence of isolated MZMs
in the system33. Only in the idealized situation of a very
long wire with no chemical potential fluctuations or gap
suppression one can identify the presence of 4pi (2pi) os-
cillations in the Josephson effect as being direct evidence
for topological (trivial) superconductivity.
For the inhomogeneous potentials, we first discuss the
appearance of an ABS in a quantum dot at the wire end.
In the trivial region, the presence of the ABS manifests
only a 2pi periodicity. Second, we consider the potential
distributions creating two separate topological regions
and a trivial region in the middle of the nanowire. The
four-Majorana model we develop can accurately describe
the low-energy physics of the Josephson effect. Unless
the length of the topological regions is large, the transi-
tion of the periodicity from 2pi to 4pi is a crossover, as
Vz is increased from zero. When the topological region
is long, there is a clear transition point between 2pi and
4pi periodicities, which is the TQPT point.
The main goal of this work is to determine the pe-
riodicity of the phase-energy (Φ − E) relation in cur-
rently studied Majorana nanowires. Our focus has been
only on the weak coupling of the junction. On the other
hand, the current in the Josephson junction is an essen-
tial observable to probe the periodicity of the magnetic
flux. For the homogeneous potentials, the two-Majorana
model (12) directly shows the Josephson current to be
proportional to cos(Φ/2) as long as the temperature is
much smaller than the second lowest energy level. How-
ever, for the inhomogeneous potentials, with multiple
low energy levels in the four-Majorana model (21), the
Josephson current has to be derived based on the Fermi
occupation numbers at finite temperature20. This is a
complicated numerical problem, which is better done in
the context of specific experimental samples, since all the
details of various energy scales (e.g. temperature, SC gap,
tunnel couplings, spin-orbit coupling, ABS energies) be-
come crucial in the calculation of the Josephson current.
In the current work, we have focused on the universal
physics of the energy-flux relationship in the Josephson
effect, and have shown that even this universal physics is
strongly affected by many realistic physical mechanisms,
which destroy the perceived simplicity of the 2pi versus 4pi
Josephson oscillations necessarily reflecting the underly-
ing absence or presence of isolated non-Abelian Majorana
zero modes. Our work establishes that, similar to the
zero bias tunneling conductance studies44,45, Josephson
effect, by itself, might be incapable of providing decisive
information about the topological or trivial nature of the
nanowire ground states because of many complicating
physical effects invariably occurring in realistic systems.
This should be a word of caution for future (or past)
experimental claims on this important problem.
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